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ABSTRACT
Brain-Computer Interfaces (BCI) provide a mechanism for establishing a direct channel of communication between a user’s brain and a computerized device. BCI are rapidly gaining acceptance
as a form of assistive technology and may be used by people with motor impairments to communicate and use tools such as phones, computers, wheelchairs and prosthetics. Eventually, BCI might
also become a commonplace form of human-computer interaction.
Although various types of BCI are currently being explored, approaches that combine electroencephalography (EEG) with imagined mental tasks (MT) appear to be promising because they
are non-invasive, asynchronous and stimulus-free. However, such BCI have not yet reached a level
of performance that is acceptable for use in practical applications. This may be partially due to
limitations found in current methods for representing and classifying spontaneous EEG signals.
In this research exam we investigate various methods for representing and classifying EEG
signals for this specific type of BCI. First, we explore the use of frequency-domain representations,
including power spectral densities, wavelet transforms and phase locking value. These approaches
do well at capturing oscillatory patterns in EEG signals and align well with the EEG analysis
techniques used in other disciplines. However, they typically have a limited ability to capture
some forms of spatial or temporal patterns.
We then explore the use of time-domain signal representations. Approaches that rely on timedelay embedding are able to capture both spatial and temporal patterns but at the expense of high
dimensionality. Time-series modeling approaches based on Autoregressive Models and Artificial
Neural Networks can be used to construct generative classifiers with fewer model parameters to
optimize. It remains unclear, however, whether or not time-series models are able to capture patterns across various time scales. We then discuss some empirical results gathered from current
literature and summarize our conclusions about each of these methods. Finally, we offer some
potential directions for further research.
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Introduction

of the human animal can be largely attributed to our capacity for language and
communication and to our ability to construct and manipulate tools. Communication allows
us to evade predators through collaboration and to avoid danger through warnings and advice.
Exchanging information allows us to teach and learn complex ideas, express ourselves and share
the human experience. Tools allow us to gather food through hunting and agriculture, protect
ourselves using weapons, simplify repetitive tasks and attain things that would otherwise be inaccessible. When combined, tools and communication can also yield new forms of interaction, such
as works of art, the written word, the radio and the internet. There is no doubt that these skills are
extremely important to humankind and are responsible for many of our unique advantages.
Unfortunately, there are a number diseases that can limit an individual’s ability to communicate
or utilize tools. Such impairments are relatively commonplace and vary widely in form and severity. Spinal cord injury, traumatic brain injury, stroke and neurodegenerative diseases can all cause
a wide variety of impairments to motor, speech and sensory function. Since all known biological
means of communication rely on either locomotion or the release of hormones, with conscious
communication relying primarily on the former, diseases that impair motor function often limit
one’s ability to communicate and use tools. In severe cases, a person may have very little or no
ability to interact with the outside world, a condition known as Locked-In Syndrome (LIS), despite
retaining cognitive function and an awareness of their surroundings [1, 2].
A number of assistive technologies (AT) have been developed to help restore function to
those afflicted with motor impairments. Current AT range from wheelchairs and reaching tools
to switches, eye-trackers and natural language processing systems. However, the effectiveness of
these devices varies widely among users and their usefulness depends on the type and severity
of impairment. Since current AT require some level of physical interaction, there are few, if any,
options available to those with severe motor impairments or LIS.
Brain-Computer Interfaces (BCI) are a type of experimental AT that aim to restore an individual’s ability to communicate and manipulate tools by establishing a direct channel of communication between the human brain and a computerized device. Since BCI bypass innate motor-based
means of communication, they may provide a viable option for people who are unable to use other
forms of AT. Eventually, BCI might also find their way into consumer devices and become an everyday form of human-computer interaction, replacing current electromechanical input devices in
a number of circumstances.
Despite the exciting prospect of a new form of communication, BCI research is still in its
infancy and current systems are not yet reliable enough or user-friendly enough to be adopted for
wide-spread commercial use. The field has, however, seen increasing success and an explosion
of research in recent years [3]. In fact, it appears that a BCI using functional magnetic resonance
imaging (fMRI) has already been used to reestablish communication with at least some people that
were previously diagnosed as being in a vegetative state [4]; although such BCI are not practical
for everyday use.
In order to construct BCI that are more appropriate for use in commodity AT, a number of
challenges must first be overcome. These challenges can be roughly divided among the three components that constitute a BCI. First, a sensitive method for monitoring brain activity is necessary
to receive information from the user in the absence of physical movement. Second, an effective
communication protocol must be established that allows the user to convey an intended instruction
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to the BCI. Third, signal processing and machine learning algorithms are required to represent and
classify patterns in the user’s brain activity in order to identify which messages from the communication protocol the user intends to send. Each of these components must be carefully designed to
be reliable and robust while also striking an appropriate balance between accuracy and usability.
BCI that combine electroencephalography (EEG) for monitoring brain activity and imagined
mental tasks (MT) for establishing a communication protocol appear to be particularly promising
because they are non-invasive, asynchronous, do not require external stimuli and elicit activity
across a wide variety of brain regions. However, representing and classifying EEG signals within
this framework has proven to be extremely challenging because of noise, artifacts and the complexity of the human brain.
In this research exam, we explore state-of-the-art methods for representing and classifying
spontaneous EEG signals within the context of this specific type of BCI. In the remainder of Section 1, we first offer some background information on BCI that use EEG and MT and explain their
advantages over other approaches. Next, we describe the difficulties encountered in the signal
processing and machine learning components of these BCI. We assert that finding signal representations and classification algorithms that perform well is difficult, especially since EEG signals
tend to be noisy and non-stationary.
In Section 2, we continue by exploring several popular methods for representing EEG signals in the frequency-domain, including power spectral densities, wavelet transforms and phase
locking values. In Section 3, we continue by investigating several promising time-domain signal
representations. These approaches include time-delay embedding as well as linear and non-linear
time-series models. For each of these signal representations, we also examine the classification
algorithms that have been used and summarize the results obtained by various research groups.
In Section 4, we conclude with some analysis of these approaches and by offering some potential
directions for further research.

1.1

Non-Invasive BCI using Electroencephalography

Every BCI must have a method for monitoring changes in brain activity so that it can receive information from the user without physical interaction. The technologies that have been proposed for
this role typically measure one of two types of physiological changes: metabolic or electromagnetic. Methods that monitor metabolic changes in the brain include functional magnetic resonance
imaging (fMRI) and functional near-infrared spectroscopy (fNIRS) [4, 5]. These methods rely on
the fact that active regions of the brain consume more oxygen than inactive regions. Unfortunately,
these changes take place on the scale of decaseconds, which is likely too slow for real-time BCI.
fMRI systems are also not practical for general-purpose BCI since they are expensive and too large
to be portable. Although fNIRS systems are inexpensive and portable, they currently have poor
spatial or temporal resolution and are only able to observe brain activity that takes place on the
very surface of the cortex.
Methods that rely on electromagnetic changes include local field potentials (LFP), electrocorticography (ECoG) and electroencephalography (EEG) [6, 7, 8]. These methods rely on the fact
that the depolarization of a neuron when it fires an action potential produces a small electromagnetic field. Among these methods, LFP and ECoG are invasive and require surgical implantation.
Although invasive methods typically achieve high spatial and temporal resolution, they are often
not an appealing option for BCI users because of the risks involved. Although some BCI users with
2

severe impairments may be willing to accept these risks, medical ethics dictate that non-invasive
approaches should be preferred when they are available and perform well.
EEG is another electrophysiological method for monitoring brain activity that is non-invasive
and appears to have tremendous potential for use in BCI. EEG measures brain activity using an
array of electrodes placed on the surface of a user’s scalp. Electrical fields produced by the synchronized firing of action potentials in neurons near the cortical surface of the brain induce observable currents in the EEG electrodes [9]. Modern EEG equipment is small, portable and relatively
inexpensive. EEG also has a high temporal resolution, on the scale of microseconds, allowing it
to make observations at a rate that is acceptable for real-time BCI. There is also a long history of
research surrounding EEG.
EEG does, however, involve a number of challenges that must be addressed in order for it to be
used in an effective and practical BCI. First, EEG signals tend to have a very low signal strength
because of the relatively small electrical potentials produced by action potentials and because the
resulting electromagnetic fields must travel through a number of layers of tissue, including the
meninges, skull and scalp. Ultimately measured on the scale of microvolts, EEG also suffers
from artifacts and a low signal-to-noise ratio due to other sources of electrical interference at this
scale. Sources of interference that originate from within the body include ocular movement, muscle contractions and cardiac cycles. Sources of external interference include computer peripherals,
radio transmissions and alternating current power mains. EEG is also mostly limited to measuring
electrical potentials generated by the synchronized firing of neurons in the cortex that have specific orientations and are near electrode sites [9]. This means that the firing of individual action
potentials and activity that is located deep inside the brain cannot be measured.
Although EEG has some drawbacks, it appears to be one of the most viable options for constructing practical, non-invasive BCI. Some problems with interference and noise can also be mitigated by recent advances in EEG recording technology. For example, highly conductive electrodes
with cable shielding, embedded preamplifiers and sophisticated common-mode rejection circuits
can reduce interference from sources outside the brain [10, 11]. Filters can also be used to remove noise and artifacts from EEG signals. Since EEG appears to be extremely promising for use
in non-invasive BCI, the remainder of this document will assume the use of EEG for monitoring
brain activity unless otherwise noted.

1.2

Mental Task Communication Paradigm

In addition to a method for monitoring brain activity, BCI must have a communication protocol for
exchanging information between the user and the device to be controlled. It is important to realize
that BCI are not capable of directly extracting a user’s thoughts and, in fact, are not designed to do
so. Instead, BCI seek to identify a user’s intent through voluntary changes in mental state. As such,
a protocol must be established that associates specific mental states with potential instructions to
be delivered to the BCI. An effective communication protocol should produce distinct changes in
brain activity while also being easy to perform and minimally distracting the user.
A number of paradigms for establishing BCI communication protocols have been proposed.
Notably, Farwell and Donchin proposed an approach known as The P300 Speller [12]. Using this
paradigm, a user communicates with a BCI by focusing on a character within a grid shown on a
computer screen, akin to a virtual keyboard. The rows and columns of the grid then flash while the
user makes a mental note of when the character that they are attending to flashes. The BCI then
3

attempts to identify the intended character by searching for a change in brain activity, known as a
P300, that occurs shortly after a rare-but-expected stimuli [13].
Although it appears that P300 spellers can be used as an effective form of AT for some users
with severe motor impairments [14, 15, 16], it suffers from a number of drawbacks. Since P300
spellers require the user to attend to external stimuli, a degree of control over eye-gaze is required
[17]. Since some people with severe motor impairments have little or no control over eye-gaze, this
may be prohibitive. Furthermore, attending to external stimuli prevents the user from focusing on
their work and their surroundings, making it difficult to smoothly control devices such as electric
wheelchairs or mouse cursors. Finally, P300 spellers and similar paradigms operate synchronously.
In other words, the user must issue instructions in lockstep with the stimuli.
One paradigm for establishing a communication protocol that may avoid many of these limitations relies on spontaneously performed imagined motor movements, or motor imagery (MI).
Extensively explored by Pfurtscheller and Neuper, et al., MI was inspired by the observation that
activity in frequencies roughly between 9–14Hz and 18–26Hz, known as µ rhythms, tend to be
suppressed in EEG signals over the motor cortex in the hemisphere that is contralateral to the side
on which the motor task is being performed [18, 19, 20]. For example, if a user imagines moving
their left-hand, a decrease in µ rhythms would be expected to be seen over the centro-parietal region of the right hemisphere of the brain. A BCI could then instruct a computer cursor to move to
the left. Similarly, imagined right-hand movement could instruct the BCI to move a cursor to the
right. Unlike P300 spellers, MI allows for asynchronous communication and spontaneous control.
MI does, however, suffer from a number of limitations. For instance, BCI that rely on MI
typically have few degrees of freedom. In other words, it may be difficult when using MI to
design a BCI that allows the user to issue more that one or two instructions. Although there
are many potential motor tasks that may be used, the associated changes in µ rhythms are likely
to originate from only two cortical regions, the left and right hemispheres of the motor cortex.
Furthermore, there have been reports that not all people with motor impairments find it easy to
perform imagined motor movements [21]. For those that have impaired motor function, possibly
for a prolonged length of time or from birth, it may be difficult to imagine performing tasks that
they cannot physically perform.
Including more general mental tasks may yield more flexible BCI communication protocols.
In the mental task (MT) paradigm, a user delivers instructions to the BCI by performing one of
several imagined mental activities. For example, a user might silently sing a song to move a
computer cursor to the left or visualize a geometric figure to move it to the right. A countless
number of mental tasks could potentially be used. MT was originally proposed by Keirn and
Aunon and some early motivating works are briefly discussed in Section 2 [8].
Although MT appears to be used relatively rarely in current BCI literature, it has a number
of advantages over other approaches. Since MT can be chosen so that they elicit brain activity in
a variety of brain regions, it may be possible to achieve more degrees of freedom than with MI
exclusively. This may also aid the machine learning component of a BCI by making the corresponding changes in brain activity more discriminable. Furthermore, MT may allow each user
to choose mental tasks that work well for them and that they are comfortable performing repeatedly. This may help to provide a good user experience while maximizing attention and minimizing
distraction. Users may also adapt the way that they perform each, potentially improving performance as their experience level increases. Finally, MT allows for asynchronous and stimulus-free
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control, potentially allowing fluid, second-nature control. For these reasons, the remainder of this
document will focus on MT unless otherwise noted.

1.3

Capturing Patterns in Electroencephalographic Signals

In order to determine the instruction that a user intends to deliver, a BCI must have a method for
representing EEG signals and classifying these representations according to the mental task that
the user is performing. This is an important part of BCI because the effectiveness of this stage
dictates the flexibility and speed allowed in the communication protocol as well as the level of
noise and artifacts that can be tolerated. If EEG signals cannot be classified accurately, then a BCI
will not reach satisfactory level of performance.
Representing and classifying EEG signals associated with spontaneous mental tasks is not
trivial for a number of reasons. First, EEG signals are known to have a low signal-to-noise ratio,
as discussed in Section 1.1. Second, the human brain is continually performing multiple conscious
and unconscious tasks simultaneously. Patterns associated with relevant cognitive processing must
be identified while irrelevant information should be ignored. EEG also produces a large amount of
data, typically between 256–1024 observations per second for each of 8–64 channels. Since MT
calibration procedures yield relatively little data, typically 5–10 segments each lasting 10-seconds
per mental task, many EEG signal representations have high dimensionality relative to the number
of training examples.
Given the fact that the human nervous system has a recurrent architecture consisting of billions
of neurons that interact using sophisticated electrochemical mechanisms, it is not surprising that
patterns found in EEG signals are often very complex. EEG signals contain patterns that are
both temporal, i.e., across time, and spatial, i.e., across electrodes. EEG signals can also have
components that are non-stationary, meaning that the characteristics of the signal change over the
course of time; although there are studies demonstrating that MT can be reliably discriminated
after days, weeks or even months [22, 23]. EEG signals can also change along with a user’s mood,
level of fatigue and attention.
In order to deal with these challenges effectively, EEG signal representations and classification
algorithms should satisfy a number of conditions. First, representations should capture both spatial and temporal patterns. If this is not achieved, it is likely that important relationships, either
across brain regions or through time, will be omitted. Second, the representation and classifier
should be robust to noise, artifacts and background information. This may be achieved through
the signal representation, by allowing unimportant aspects of the signal to be removed, or through
the classification algorithm, via regularization. Third, classifiers must be capable of drawing class
boundaries that adequately discriminate signal representations produced during different mental
tasks. Finally, it should be possible to generate these representations and perform classification in
real-time on portable hardware. The remainder of this research exam surveys a number of state-ofthe-art methods for representing and classifying spontaneous EEG signals in BCI that use the MT
communication paradigm.
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2

Frequency-Domain Representations

Frequency-domain representations describe EEG signals in terms of oscillatory components and
how those components change over time. Since each EEG electrode primarily measures the synchronized firing of local populations of neurons and because of the recurrent architecture of the
central nervous system, it seems intuitive to look for patterns in the frequency domain. In fact, it
is common in most neuroscience disciplines for EEG signals to be described in terms of activity
in standard frequency bands: δ (0 − 4Hz), θ (4 − 8Hz), α (8 − 13Hz), β (13 − 30) and γ (≥ 30Hz)
[24]. Taking this a step further, the distribution of EEG signal power, energy or phase synchronization across EEG sensors can be used to make inferences about brain structure or activity and,
of course, the mental state of a BCI user.
In a seminal work exploring the use of MT, Keirn and Aunon note that it may be possible to
differentiate between various mental tasks by looking at the symmetry or asymmetry of EEG power
in certain frequency bands across the two hemispheres of the brain [8]. This intuition is supported
by a number of earlier EEG studies that demonstrate marked differences between activity over the
two brain hemispheres during various mental tasks [25, 26, 27, 28]. In more recent works, changes
in EEG power during various mental tasks are observed over a wide variety of brain regions and
frequency bands [29, 30, 31, 32]. These changes in EEG signal power are often referred to as
event-related de/synchronization (ERD/S).
Some of the most commonly observed forms of ERD/S are seen in the α and β bands of the
EEG spectrum and are related to idling or the suppression of neural activity [31]. For example, a
clear increase in α-band power can be seen over the occipital lobe, i.e., the visual cortex, when
a subject closes his or her eyes. It is believed that neurons in the visual cortex tend to fire action
potentials in a synchronized fashion resonating at roughly 8−12Hz in the absence of visual stimuli.
Similarly, when an individual performs a motor task, a decrease in power in the α or β over the
centro-parietal region of the cortex that is contralateral to the side of the movement can often
be identified [19]. These changes are consistent with the notion that the motor cortex generates
rhythmic activity when it is idle and that this activity desynchronizes when the appropriate region
of the motor cortex becomes active. Known to as µ rhythms, changes in ERD/S over the motor
cortex can be observed during both actual motor movements as well as imagined motor movements
and have been the foundation for many BCI that rely on MI communication paradigms.
In light of this evidence, it appears that frequency-domain EEG representations may be wellsuited for capturing patterns in EEG signals. In the remainder of Section 2 we examine several of
the most common and effective frequency-domain signal representations used in MT-based BCI
and the classification algorithms that work well with these representations. Through this analysis,
we conclude that frequency-domain representations are good at capturing oscillatory components
of EEG signals. There are, however, several types of spatial and temporal patterns that these
representations are not able to capture.

2.1

Power Spectral Densities

Many of the most common methods for representing EEG in the frequency domain estimate power,
typically measured in micro-volts squared per hertz (µV 2 Hz−1 ), across the signal’s spectrum.
Known as Power Spectral Densities (PSD), these representations typically use a Discrete Fourier
Transform (DFT) to represent a segment of an EEG signal as a linear combination of sinusoids
6

in the complex plane. From there, it is relatively straightforward to determine the amplitude, and
therefore power, of the signal at each frequency component of the DFT. Since, however, these segments are necessarily finite in length and since digital EEG is a discrete sample of the underlying
signal, the resulting PSD is only an estimate of the true power spectrum.
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Figure 1: Example Welch PSD for resting-state EEG. The inset figure highlights differences in
power in the α band across all 8 channels.
Known as raw periodograms, PSD that are estimated directly using the DFT of a short EEG
segment tend to be extremely noisy. As such, a technique known as Welch’s Method is commonly
used to smooth PSD estimates. Welch’s Method works by subdividing the EEG segment into
smaller overlapping segments. These segments are then multiplied by a window function, typically
a Hanning Window, in order to ensure equal representation of the overlapping portions of the
segments. The raw periodogram is then computed for each segment and the result is averaged.
This results in a significantly smoother PSD estimate, although resolution in frequency is also lost.
Heinzel, et al., provide a detailed explanation of PSD estimates [33]. Figure 1 shows a sample
Welch PSD estimated using three minutes of eight-channel resting-state EEG. The inset figure
highlights differences in power in the α band across channels. Also, note the spike in power at
60Hz caused by alternating current interference from power mains.
A number of BCI studies have used MT in combination with features derived from PSD. In
one of the earliest studies using MT, Keirn and Aunon suggested the use of what they refer to as
power asymmetry ratios to capture differences in brain activity across the two hemispheres of the
brain. These asymmetry ratios have the form
R f ,g − L f ,g
(1)
R f ,g + L f ,g
7

where R f ,g and L f ,g are the average power over a given frequency band f in the channels over the
left and right hemispheres of the brain for a given brain region g.
Although this approach has the advantage of reducing the dimensionality of the PSD by combining the left and right channels and by averaging the power over the frequency range defined
by f , the number of features is still likely to exceed the number of training examples. Keirn
and Aunon suggest further reducing the dimensionality of this feature representation by applying
forward selection; i.e., repeatedly inserting the remaining feature that improves validation performance until little or no improvement is seen. They then suggest the use of Quadratic Discriminant
Analysis (QDA) in order to classify the resulting features. QDA is a Bayesian classifier that finds a
quadratic class boundary by fitting sample data from each class with a Gaussian using the sample
means and covariance matrices [34].
Although Keirn and Aunon’s approach delivers promising results, achieving classification accuracies between 76–84% correct for various two-task problems at two-second intervals, it also
suffers from a number of clear drawbacks. First, their use of paired left and right channels eliminates some forms of patterns that may occur. For example, if the power in a given frequency band
increases in both the left and right channels simultaneously, as has been observed during some
mental tasks, then the denominator in equation (1) will scale down the resulting feature so that the
change is not represented [27]. This scheme also places an emphasis on changes in power across
the left and right hemispheres while neglecting changes in power that occur in various regions of
the same hemisphere of the brain. Furthermore, it remains unclear if the use of forward selection
to further reduce the number of features is effective and whether or not these power asymmetry
ratios are normally distributed, a prerequisite for QDA.
Following the work of Keirn and Aunon, a number of research groups have shown encouraging
results with PSD features. Notably, Millán, et al., have progressively refined a BCI that uses spontaneous mental tasks and PSD features [22, 35, 36, 37]. Early in their work Millán, et al., outline
a technique for classifying EEG using PSD that they describe as a Local Neural Classifier [22]. In
this approach, a committee of networks is used to assign class labels using the output of Welch’s
Method. These networks consist of two layers, the first of which contains a Gaussian transfer
function while the second layer contains a linear transfer function. In order to train the networks,
a Self Organizing Map (SOM) is first used to cluster the PSD features in an unsupervised fashion. The means and covariance matrices of these clusters are then used to initialize the Gaussian
units in the first layer of the network. Gradient descent is then used to further update the network
weights until peak validation performance is achieved. In the more recent works by Millán, et
al., this approach has been somewhat simplified into what is essentially a Mixture-of-Gaussians
Classifier that is initialized using SOM and updated using gradient descent [36, 37]. The intuition
behind this approach is based on the observation that the ERD/S associated with a given mental
task may manifest itself in several different ways as the user repeats the task over time. Millán,
et al., achieve good results with offline classification accuracies greater than 70% for three mental
tasks at 1/2 second intervals. They were also able to achieve limited control of mobile robots and
electric wheelchairs in online settings [35, 37, 36].
Although the above two groups have shown that PSD features combined with Bayesian classifiers can be used to construct BCI, the performance of these systems does not appear to be high
enough for use in a practical AT. One possible reason for this may be that the classifiers used rely
on sample estimates of the covariance matrix for the PSD features. Since the number of PSD features used typically exceeds the number of training observations by an order of magnitude, these
8

covariance estimates are likely poor. One potential solution to this problem may be to regularize
the covariance estimates using shrinkage [38]. Furthermore, it is unclear whether or not these classifiers are able to adequately fit the class boundaries, suggesting that other non-linear classifiers
should be explored.
PSD representations also suffer from several inherent problems that may limit their ability to
capture some forms of patterns in EEG. Since PSD do not typically include phase information,
they have a limited ability to express spatial patterns. For example, consider a two-channel signal
where both channels oscillate at 10Hz. A PSD of this signal is unable to distinguish the case
where the signals in both channels have identical phase from the case where both signals have
a constant phase difference. PSD also have a limited ability to represent the order of frequency
changes within the window over which the PSD was estimated. For example, the PSD for a signal
that moves from a low frequency to a high frequency is indistinguishable from a signal that moves
from a high frequency to a low frequency. This is a result of the fact that DFT represent a signal in
terms of sinusoids. Since sinusoids oscillate indefinitely, they are not well suited for representing
non-stationary signals.
In order to characterize non-stationary patterns in EEG signals and assign successive class labels, PSD are typically generated using a number of sequential, potentially overlapping, windows.
However, this leads to a trade-off between frequency resolution, temporal resolution, dimensionality and the quality of the power estimates. For example if the width between successive PSD
estimates is large, then a higher frequency resolution is obtained at the expense of temporal resolution. If the width between successive PSD is small, then higher temporal resolution is achieved
but the resulting power estimate may be poor.
It is also important to note that Welch’s method leads to similar trade-offs. For example, if
a small window width is used in Welch’s method, then a very smooth PSD will be produced but
frequency resolution will be lost. On the other hand, if a wide window width is used, the resulting
PSD will have high frequency resolution but may yield a poor estimate of power. Unfortunately,
none of the studies reviewed in this section appear to have examined these trade-offs.

2.2

Continuous Wavelet Transforms

Continuous Wavelet Transforms (CWT) are another technique for generating frequency-domain
representations of a signal that have been successfully used in BCI. CWT represent a time varying
signal in terms of a function known as a wavelet or mother wavelet. Simply stated, a wavelet is a
function of time with a localized response centered at zero. A wavelet that is admissible for use in
CWT must be square integrable with finite, non-zero energy. In other words, a wavelet Ψ(t, τ, s)
that is a function of time t, centered at time τ and with scale s, has a total energy
Z ∞

E=
−∞

|Ψ(t, τ, s)|2 dt

(2)

which must converge to a finite, non-zero, constant. An example of an admissible wavelet, known
as the Ricker Wavelet, is shown in Figure 2.
It follows that the convolution of a wavelet with a digital signal is a finite impulse response
filter, causing certain frequency ranges to be attenuated while leaving others unchanged. Since
the characteristics of the wavelet are known, the frequencies and energy that are allowed to pass
9
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Figure 2: A Ricker Wavelet is admissible for use in CWT.
through the filter can be determined with a high degree of accuracy. In practice, wavelet coefficients
for a discrete signal are defined as
n

C(τ, s) =

∑ x(t)Ψ(t, τ, s),

(3)

t=0

where C(τ, s) is the wavelet coefficient centered at time τ, with scale s and x(t) is the sample signal
at time t and n is the length of the EEG segment. The energy content of an EEG signal, typically
measured in micro-volt squared seconds per hertz (µV 2 · s · Hz−1 ), can be estimated across time
using wavelet coefficients at various times and scales. Figure 3 shown an example of a spectrogram estimating the energy content of an EEG segment. Addison provides a formal and thorough
description of CWT [39].
Since a CWT represents a signal in terms of wavelets, which have a localized response, they
are better suited for representing non-stationary signals. In other words, they typically achieve a
better combination of time and frequency resolution than can be obtained with a series of PSD
estimated using DFT. Furthermore, many potential wavelets can be used and various combinations
of time and scale parameters can be explored. This means that CWT can be tuned to have very
specific properties and to estimate the energy content of a signal at a wide range of resolutions.
Zhiwei and Minfen have explored the use of representations derived using the Shannon Entropy
of the energy in the δ , θ , α and β bands computed using CWT [40]. Support Vector Machines
(SVM) with linear, polynomial and radial basis function kernels were then used to classify the
resulting features, with linear kernels typically achieving the best results. Zhiwei and Minfen
achieved classification accuracies between 67–100% for two task problems and 65–92% for four
task problems using one-second intervals overlapping by 0.8 seconds for two subjects in the dataset
recorded by Keirn and Aunon [8].
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Figure 3: An example of a spectrogram of an EEG segment generated using a CWT (generated
using code provided by Charles Anderson).
Iáñez, et al., also explore the use of CWT to represent EEG produced during imagined left
and right motor imagery along with resting state [41]. In this work, raw CWT coefficients are
classified using a number of pair-wise Linear Discriminant Analysis (LDA) classifiers, similar to
the QDA classifier described in the previous section but with a pooled covariance estimate [34].
Final class labels are assigned by applying a scoring system to the output of the pair-wise LDA
outputs. Iáñez, et al., achieve classification accuracies in the 20–60% range at one-second intervals
and demonstrate a limited ability for participants to remotely control a robotic arm.
Although representations that use CWT may be better able to handle non-stationary patterns
EEG signals than methods that rely on DFT, they still suffer from a number of limitations. First,
there still exists a trade-off between dimensionality and resolution. CWT with high resolution may
yield as many features as the raw EEG signal while CWT with low resolution may not sufficiently
capture differences in EEG signals produced during various mental tasks. Classifiers that require
accurate covariance estimates, such as LDA, may be especially sensitive to this problem. It is possible that Iáñez, et al., may achieve better classification results if they use a regularized version of
LDA or another classifier altogether [38]. Alternately, examining the trade-off between resolution
and dimensionality may yield better results. The works described in this section also suffer from
the same problems that a lack of phase related information may cause in PSD representations. Although CWT could potentially be used to extract phase information, there does not appear to be
any research that currently explores this possibility in the context of MT-based BCI.

2.3

Phase Locking Value

Although EEG signal representations that rely on estimates of power or energy often disregard
phase information, a number of approaches have been explored for quantifying cross-channel
phase synchronization. One such metric, originally proposed for use in EEG by Lachaux, et al.,
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and by Mormann, et al., is known as Phase Locking Value (PLV) [42, 43]. PLV measures the
amount of change in instantaneous phase between two signals over short window. Let xm (t) be a
univariate signal sampled from channel m at time t. Then the instantaneous phase of xm (t), i.e., the
angle through the signal’s instantaneous period at time t, can be written as


−1 x̂m (t)
Φm (t) = tan
(4)
xm (t)
where x̂m (t) is the Discrete Hilbert Transform of xm (t), which yields a signal with a π/2 shift in
instantaneous phase. The difference in instantaneous phase between two signals, x1 (t) and x2 (t),
can then be expressed as
∆Φ(t) = Φ2 (t) − Φ1 (t).
(5)
Finally, the PLV over a window of width w is
P = |hei∆Φ(t) iw |

(6)

where h·iw denotes component-wise averaging over a window of width w and |·| denotes the complex modulus. Equation (6) expresses ∆Φ(t) as a vector with unit length on the complex plane
and then averages its vector components over a short window. This means that if x1 (t) and x2 (t)
have a constant phase difference, then the PLV will be one. If, on the other hand, the instantaneous
phase difference between x1 (t) and x2 (t) is randomly distributed, then the PLV will be near zero.
Figure 4 shows a plot of two EEG signals filtered between 30 − 50Hz, the instantaneous phase for
each signal and the PLV between the two signals with w = 0.5 seconds. Notice that the signals
tend to have a relatively high PLV even though the signal amplitudes are quite different.
PLV representations include information that PSD and CWT cannot express in the absence of
phase information. It is important to note, however, that PLV do not express amplitude information
in themselves. PLV also cannot represent all forms of spatial patterns, even when combined with
amplitude information. This is because PLV measures changes in phase over a window instead of
exact phase differences. For example, if two signals have a constant phase shift of π/4 during one
mental task and π/6 during another mental task, the PLV will be one in both cases.
Furthermore,

since PLV measures phase information between pairs of channels, there are 2c PLV for an EEG
montage consisting of c channels, yielding relatively high dimensionality.
Although it does not seem likely that PLV alone will be able to represent the necessary information present in EEG signals, combining PLV with amplitude features may, at least partially,
overcome some of the limitations found in the previous two sections. Gysels and Celka have investigated this possibility for use in MT-based BCI [44]. In this work, a number of combinations
of PLV and PSD features were combined to represent EEG signals recorded during three mental
tasks, including two motor imagery tasks and a word generation task. PLV dimensionality was
reduced by averaging the features for nearby channels over several brain regions. PSD dimensionality was reduced by focusing solely on α and β frequency bands. Gysels and Celka performed
classification using linear SVM applied to sliding one-second windows with majority voting to
assign class labels after 8 successive windows. This work suggests that combining PLV and PSD
representations may yield better performance than the use of PLV or PSD alone. However, only
modest classification results, in the 60–75% range, were achieved.
Several other works have explored the use of PLV in motor imagery BCI with somewhat conflicting results. Krusienski, et al., have investigated the performance of a two-class motor imagery
12
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Figure 4: Phase Locking Value between sites C4 and O2 during five-seconds of β -band EEG
shown along with instantaneous phase and the raw EEG signal.
BCI when using PLV representations with and without amplitude information from PSD [45]. In
order to classify the resulting representations, Step-Wise Linear Discriminant Analysis (SWLDA)
was used. SWLDA is a variant of LDA that uses an iterative feature selection procedure [46].
The results obtained by Krusienski, et al., appear to suggest that PLV performs worse than PSD
alone and that combining the two representations does not yield a significant improvement in performance. On the other hand, Hamner, et al., have concluded that using instantaneous phase, as
described in equation (4), can significantly increase classification performance for a two-class motor imagery BCI when combined with amplitude features and a Naive Bayes classifier. This work
achieved classification accuracies between 84–99% correct for one-second sliding windows [47].
In any case, performance in motor imagery BCI may not be representative of performance in the
more general MT-based BCI. Clearly, more research is required in order to determine the effectiveness including PLV or other types of phase information in frequency-domain representations.

3

Time-Domain Representations

A number of options also exist for representing EEG signals in the time-domain. In fact, raw
EEG signals are recorded in the time-domain in terms of signal voltages, typically measured in
microvolts (µ · V ), across EEG sensors and through time. Raw EEG may be thought of as a
multivariate time-series written as
X = {X1 , X2 , . . . , Xn }
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(7)

where Xt is a column vector with length equal to the number of EEG channels, c, and where n is
the total length of the EEG segment. Figure 5 shows five seconds of an eight-channel raw EEG
segment in the time-domain.
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Figure 5: Raw EEG trace in the time-domain.
In contrast to frequency-domain representations, it is relatively uncommon to represent spontaneous EEG signals in the time-domain. Nevertheless, time-domain representations have a number
of practical advantages that may make them successful in the context of asynchronous BCI. For
instance, time-domain representations may be well-suited for representing spatial patterns across
EEG electrodes because they utilize the voltages measured at each site rather than an estimate of
power or energy over a period of time. Time-domain representations also do not draw a distinction
between amplitude and phase across channels. Furthermore, time-domain representations do not
necessarily rely on assumptions of periodicity. Although oscillatory components of EEG signals
are clearly related to mental state in a number of ways, there is no evidence that EEG signals do not
contain patterns that are not well represented by sinusoids or wavelets. When smoothing occurs in
the frequency-domain, some of these patterns may be lost.
On the other hand, it can be difficult to interpret and visualize time-domain representations of
spontaneous EEG signals, leading to difficulties determining the biological correlates of the underlying mental state. The ease of interpreting frequency-domain representations is likely one of the
reasons for their popularity. It can also be more challenging to incorporate temporal information
into time-domain representations. When done properly, however, time-domain representations can
precisely represent temporal patterns on short time scales, a challenge in the frequency-domain.
In the remainder of Section 3, we examine several approaches for representing EEG signals
in the time-domain. We also discuss the classification algorithms that have been used in combination with these representations. It appears that time-domain representations are promising
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because of their ability to capture precise patterns. However, these representations often yield
high-dimensionality and it can be challenging to regularize classifiers in this setting or to reduce
the dimensionality in a meaningful way. It can also be difficult to attain temporal invariance with
time-domain representations and fully capture patterns across a range of time scales.

3.1

Time-Delay Embedding

One method for incorporating temporal information into time-domain representations is to embed
past signal values into the raw EEG time-series. This technique is known as Time-Delay Embedding (TDE). Constructing a TDE representation requires two parameters. First, the embedding
dimension determines the number of past values to be included and the length of temporal patterns
than can be captured. Second, the amount of overlap between adjacent windows offers a trade-off
between the number of training examples and the amount of redundant information.
In general, assuming that the length of the raw EEG segment is a multiple of the number of
windows, a TDE representation can be written as
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where Yd,l is the resulting TDE time-series with embedding dimension d, window overlap l and
where X is the non-embedded time-series, as described in equation (7).
Although TDE is capable of capturing both spatial and temporal patterns, this approach leads
to high-dimensional representations. TDE representations also lack temporal invariance. In other
words, every dimension of the column vectors of the TDE representation, Y , must be exposed to
many possible signal values in order to fully characterize temporal relationships in the signal. As
a simple example, consider a sinusoid that is oscillating at a constant frequency. If a classifier is
trained using TDE windows that always start at the beginning of the signal’s period, then poor
performance may be achieved when windows are encountered that start at a different time in the
signal’s period. This is in contrast to PSD and CWT representations which describe the signal in
terms of periodic components. Furthermore, the length of a temporal pattern that can be explicitly expressed using TDE is limited by the embedding dimension, d. Combined, this means that
large amounts of data must be processed by the classifier and that steps must be taken to prevent
overfitting.
Nevertheless, the flexibility of TDE may yield good results. Anderson, et al., assert that TDE
representations perform well when combined with non-linear classifiers and sequential evidence
accumulation [48]. In this work, a two-layer feed-forward Artificial Neural Network (ANN) with
a hyperbolic tangent transfer in the first layer and a multinomial logistic regression in the second
layer was compared with LDA and QDA for classifying TDE representations. Final class labels
were assigned using an M-ary Sequential Probability Ratio Test (MSPRT) to accumulate evidence
across a number of TDE windows [49]. This procedure yields a variable decision rate with the
BCI only issuing instructions after it has become sufficiently confident in the user’s intent. In
offline experiments using a single subject and four mental tasks, Anderson, et al., estimate clas-
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sification performance to be roughly three seconds per correct decision, with ANN significantly
outperforming LDA and QDA.
Presumably, ANN are able to outperform QDA and LDA and achieve good results using TDE
for two reasons. First, ANN are able to find complex non-linear patterns in EEG signals that are
not well represented using linear or quadratic methods. Second, the ANN used in this case had far
fewer parameters to optimize, yielding a regularized classifier.
Despite the encouraging results achieved by Anderson, et al., it seems likely that large amounts
of training data and careful regularization may be required to achieve performance that is acceptable for practical BCI. Larger studies are required in order to make firm conclusions about the
performance that can be expected from this approach. Furthermore, other methods for representing
EEG signals in the time-domain that yield lower-dimensionality and a greater degree of temporal
invariance should be explored.

3.2

TDE with Signal Transformations

One possible method for addressing the problems with TDE involves the use of linear transformations to separate the signal into a number of components that each have different characteristics.
Components that are deemed to be unnecessary, either because they contain noise, artifacts, redundant information or irrelevant information, can then be dropped to yield a lower-dimensional
representation. A linear signal transformation can be written as
Ŷt = TYt

(9)

where Yt is the TDE representation at time t, T is a linear transformation matrix and Ŷt is the
transformed signal at time t. The rows of Ŷt then contain the components of the transformed
signal.
Many methods for constructing T have been explored and signal transformations constitute
an entire field of research in themselves. As a result, a thorough description of these techniques
is largely beyond the scope of this research exam. However, signal transformations have been
successfully used in BCI and it is worth briefly discussing these techniques and the results they
achieve.
In several studies, Anderson, et al., have proposed the use of Maximum Signal Fraction (MSF)
and Principal Components Analysis (PCA) in combination with TDE [50, 51, 52]. MSF is a signal
transformation that separates a signal into components ordered by signal to noise ratio, measured
as the change in signal value between each time-step. Figure 6 shows the MNF components of a
five-second EEG segment with eight channels. PCA is a linear signal transformation that separates
the signal into components that are ordered by variance. These works suggest that MSF can be used
to produce filters for removing artifacts and that PCA can be used to reduce dimensionality while
improving classification accuracy. Using LDA and committees of decision trees, classification
accuracies in the 68–78% range were achieved for five mental tasks with class labels assigned
roughly between 1-2 seconds.
Zhang, et al., suggest the use of Independent Components Analysis (ICA) for eliminating EEG
artifacts while preserving γ-band information [53]. ICA is a signal transformation that attempts
to maximize the statistical independence between the resulting components. After filtering in the
time-domain, Zhang, et al., generated PSD features and performed classification using LDA. The
16
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Figure 6: MSF components of a five-second, eight-channel EEG segment (generated using code
provided by Charles Anderson).
resulting classification accuracies ranged from 38–69% for a five-class problem and 62–86% for a
two-class problem at one-second intervals.
Friedrich, et al., have explored the use of Common-Spatial Patterns (CSP) for reducing the
dimensionality of TDE representations [54, 23, 55]. CSP is a supervised method for generating a
linear transformation that separates a signal into components that are ordered by the ratio of the
variance between classes. Components that appear to have little or no between-class variance can
then be removed. CSP has also been explored in the context of motor imagery BCI [56, 57]. Using
LDA and CSP, Friedrich, et al., achieved a mean classification accuracy of 50% for four mental
tasks across 14 participants with decisions made in real-time every two seconds. The resulting
classifiers appear to be stable for as long as 10 weeks for some users.
Although signal transformations have been successfully used to reduce the dimensionality of
TDE representations, these approaches have a number of drawbacks. First, signal transformations
do not address the lack of temporal invariance associated with TDE. Each dimension of the representation must encounter a variety of signal values in order for the dynamics of the signal to be fully
captured. Second, it can be extremely difficult to know which method should be used and which
components should be removed. Finally, these methods often involve a large amount of manual
tuning. Determining the components to be removed through trial-and-error is not acceptable for
BCI that are to be used by non-experts.

3.3

Autoregressive Models

Linear Autoregressive (AR) models are an alternative to TDE for representing EEG signals in the
time-domain. AR models represent a time-series as a linear process. In other words, each value in
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a time-series is modeled as a linear combination of previous values plus a residual term. If an EEG
signals are viewed as time-series, as in equation (7), then AR models can be used to fit the signal.
Formally, a multivariate AR model can be written as
p

At = ∑ Ci At−i + Rt

(10)

i=0

where At is the value of the model time-series at time t, Ci is a row vector of model coefficients
at i time-steps back in time, p is the order of the model and R is the residual term. A number of
techniques can be used to estimate AR coefficients [58].
AR models have been studied extensively for modeling and forecasting time-series and have
been successfully applied to a number of real-world problems [58]. AR may also yield more
temporal invariance than TDE since AR models describe the time-series in terms of past values.
Additionally, AR may lead to lower dimensional representations than TDE because only the AR
coefficients and residuals are required to describe the model. AR models can also act as a filter,
removing aspects of the time-series that are not linearly predictable. For these reasons, a number
of research groups have explored the use of AR models for representing EEG signals in the timedomain.
Keirn and Aunon have proposed that AR coefficients may be used to represent EEG signals
directly [8]. In this approach, univariate AR models are computed for two-second EEG segments
for each EEG channel and then classification is performed using the AR coefficients and QDA.
Since the AR coefficients determine the AR model, except for the residual term, they yield a filtered and lower dimensional representation of the EEG signal. Keirn and Aunon also note that AR
coefficients can be used to estimate the PSD of an EEG signal, implying that these representations
contain similar information. This method was compared side-by-side to the PSD asymmetry ratios
described in Section 2.1. Keirn and Aunon achieved classification accuracies between 78–88%
correct at two-second intervals for various pairs of imagined mental tasks. In these experiments,
AR models achieved a roughly 3.6% improvement in classification accuracy over the PSD representations.
Anderson, et al., extended the work of Keirn and Aunon by using feedforward ANN trained
using backpropagation and early-stopping for classifying AR coefficients [59, 60]. Multivariate
AR models were compared to univariate models and PCA was explored for reducing dimensionality. Two imagined mental tasks were explored and class labels were assigned at one-second
intervals. These works achieved classification accuracies in the 88–96% range. Multivariate AR
models produced better results on average, although only slightly, and PCA did not typically improve performance. Although the ANN used by Anderson, et al., achieved higher classification
accuracies than the QDA models used by Keirn and Aunon, very few hidden units were required.
This suggests that the class boundaries may have few non-linear regions.
Curran, et al., proposed the use of reflection coefficients, which are related to the change in
model error as the order of an AR model increases [61]. In this work, Logistic Regression was
compared with a non-linear Bayesian classifier trained using Variational Learning. An analysis
was performed on EEG recorded during four imagined mental tasks. The electrodes used were
hand picked and classification was only attempted for two-task combinations using one-second
windows. Ultimately, this approach achieved modest classification accuracies, between 63–74%.
Curran, et al., observed that their non-linear Bayesian classifier achieved an average of about 2%
higher classification accuracy than logistic regression.
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Despite the fact that encouraging results have been achieved on two-class problems using AR
models, it remains unclear whether or not the assumption of linearity is beneficial or harmful. On
one hand, AR models may be viewed as a filter by assuming that non-linear relationships in the
signal are largely noise. On the other hand, non-linear patterns may be important for discriminating
between mental tasks and representing an EEG signal as a linear process may eliminate some of
this information. Furthermore, the order of AR models may limit their ability to capture long-term
patterns in EEG signals. Although, the works discussed in this section conclude that orders larger
than 10 do not typically improve performance, there may be a trade-off between model order and
other forms of regularization.

3.4

Time-Series Modeling with Artificial Neural Networks

If non-linear patterns in EEG signals are important for discriminating between mental tasks, then
linear AR models may not be a sufficient representation. Since the extent to which non-linear
patterns are useful in BCI is still largely unknown, empirical evidence gathered by experimenting
with non-linear representations and classifiers is important [62]. Artificial Neural Networks (ANN)
appear to be ideal candidates for constructing non-linear time-series models because the are well
known for their ability to solve non-linear regression problems [63].
Performing classification using these models can, however, be challenging. Unlike AR models,
the weights of an ANN trained to forecast an EEG signal are not a unique representation of the
model obtained. This is because ANN contain many symmetries; i.e., there are many weight
combinations that can yield an equivalent network. Furthermore, the process of optimizing the
network weights is typically stochastic and non-convex. Gupta, Oeda, Coyle and Forney have all
proposed that time-series may be classified using forecasting errors instead [64, 65, 66, 67]. In
this approach, a separate network is trained to model example time-series data from each class,
yielding one model per class. Each model is then viewed as an expert at forecasting the type of
time-series over which it was trained. When novel data is encountered, each model is applied and
the resulting residuals are extracted. These residuals are then used to determine which model fits
the data best and, ultimately, assign class labels.
One method for modeling EEG signals using ANN involves the use of TDE. In this approach,
a feedforward network is trained to continually forecast the signal using a window of past signal
values embedded into the network inputs. Coyle, et al., have explored such models for use in
two-class motor imagery BCI with favorable results [66]. In this work, two-layer ANN trained
using backpropagation and early-stopping were used to model the EEG signals and LDA was
subsequently used to classify the resulting model residuals. This method resulted in classification
accuracies between 85–91% correct at five-second intervals. Additional experiments suggest that
this approach outperforms linear ANN and AR models; although there are likely too few subjects
to draw firm conclusions. In later works, Coyle, et al., have proposed non-linear time-series models
using ANN for filtering EEG signals, with the intuition being that aspects of the signal that are not
predictable are likely noise [68, 69, 70, 71].
Although the approach used by Coyle, et al., yields non-linear time-series models, the use of
TDE may result in some of the same problems discussed in Section 3.1. Forney and Anderson
suggest that Artificial Recurrent Neural Networks (RNN) may be well-suited for generating nonlinear time-series models while avoiding TDE [67, 72, 73]. RNN are a type of ANN that contain
feedback loops, also known as recurrent connections [63]. These recurrent connections allow RNN
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Figure 7: An Elman Recurrent Network transitioning from forecasting to an iterated model at the
eight-second mark.
to have memory and maintain state without requiring TDE. Forney and Anderson have explored the
use of two kinds RNN: Elman Recurrent Networks and Echo State Networks. In these works, it was
demonstrated that RNN are able to forecast EEG signals with a relatively high degree of accuracy.
Forney and Anderson have also explored the dynamics that RNN are able to capture in EEG signals
by placing a feedback loop from the network outputs back into the network inputs, known as
autonomous or iterated models. When these models were constructed with a large number of
artificial neurons, they were able to generate complex dynamics that were not clearly periodic
and had energy spectra similar to the underlying EEG signals. Figure 7 shows an Elman Network
forecasting an EEG signal before the eight-second mark and transitioning to an iterated model after
the eight-second mark.
Forney and Anderson have demonstrated that simply selecting the class label associated with
the model that produced the lowest forecasting error outperformed LDA and QDA for assigning
class labels [72]. These methods were tested offline for various four-task and two-task problems
using data that was recorded from subjects with no motor impairments as well as from subjects
with severe motor impairments in their home environments. The resulting classification accuracies
varied between 15–68% for four mental tasks and 50–95% for two mental tasks. A statistically
significant difference was found between these two groups of potential users.
Although non-linear time-series models appear to be able to capture complex patterns in EEG
signals, there are a number of drawbacks to these approaches that may make them less than ideal
for use in practical BCI. First, neural networks, and particularly recurrent networks, often require
large amounts of computational resources. Although the Echo State Networks explored by Forney
and Anderson can be trained very quickly, they have many parameters that must be tuned manually. Since BCI must be able to operate in real-time, this may be prohibitive. Second, these models
often have difficulties learning long-term patterns. The necessity for learning long-term patterns
may depend on the sampling rate of EEG signal. In other words, these models may have difficulties capturing patterns at both low and high frequencies simultaneously. In order to remedy this
problem, methods should be sought for modeling EEG signals at multiple time-scales. Finally,
interpreting and visualizing the patterns found by these models can be difficult.
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4

Discussion

This research exam has looked at a number of methods for representing and classifying EEG
signals within the framework of BCI that utilize imagined mental tasks. This analysis has lead to
a number of conclusions about the capabilities and limitations of each of these methods while also
raising a number of unanswered questions. Empirical evidence was also gathered regarding the
performance of these approaches in various offline and online studies. In this section, the results
that have been collected throughout these studies is summarized and a final overview of each of
method is given. Finally, some potential directions for future research are suggested.

4.1

Summary and Conclusions
Table 1: Summary of Classification Accuracies Across Studies.
Author

Paper

Keirn
Millán
Zhiwei
Zhiwei
Iáñez
Gysels
Anderson
Anderson
Zhang
Zhang
Friedrich
Keirn
Anderson
Curran
Coyle
Forney
Forney
Forney
Forney

[8]
[22]
[40]
[40]
[41]
[44]
[48]
[52]
[53]
[53]
[23]
[8]
[60]
[61]
[66]
[72]
[72]
[73]
[73]

Representation

Classifier

PSD
QDA
PSD
Mixture of Gaussians
CWT
Linear SVM
CWT
Linear SVM
CWT
LDA
PLV+PSD
Linear SVM
TDE
ANN
TDE+PCA
LDA
PSD+ICA
LDA
PSD+ICA
LDA
TDE+CSP
LDA
AR
QDA
AR
ANN
AR
Variational Learning
Time-Series+ANN+LDA
Time-Series+ERN+Best Fit
Time-Series+ERN+Best Fit
Time-Series+ESN+Best Fit
Time-Series+ESN+Best Fit

# Tasks
2
3
2
4
2
3
4
5
2
5
4
2
2
2
2
2
4
2
4

Delay

Accuracy

2s
76–84%
0.5s
>70%
1s
67–100%
1s
65–92%
1s
20–60%
1s
60–75%
3s per correct
1-2s
68–78%
1s
62–86%
1s
38–69%
2s
Mean 50%
2s
78–88%
1s
88–96%
1s
63–74%
5s
85–91%
1s
52–93%
1s
28–68%
2s
50–95%
2s
15–65%

The empirical results that were found in the various works reviewed in this research exam are
summarized in Table 1. Unfortunately, drawing conclusions from across these studies is difficult
for a number of reasons. First, different EEG data was used in the majority of the studies reviewed.
This means that differences between individuals and between recording methods may be responsible for much of the variation seen in classification performance. Second, many of these studies use
a different number of subjects, possibly contributing to the difference in variability seen among
the methods. Third, many of these studies use different delays between successive class label
assignments. Typically, there are trade-offs between the rate at which class labels are assigned,
classification performance and user experience. Finally, the number and kind of mental tasks used
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is different between many of these studies. Although a number of methods that better represent
BCI performance have been proposed, few of these studies report results using these metrics [74].
Nevertheless, some very general conclusions can be drawn from Table 1. It appears that some
of the highest classification accuracies were achieved using CWT representations with linear SVM
classifiers. Time-series models using either AR models with ANN or recurrent networks with best
fit classifiers also appear to achieve high classification accuracies. It is also important to mention
that TDE combined with ANN and LDA achieved good results using four and five mental tasks.
Linear classifiers, namely LDA and linear SVM, were the most common choices. QDA and other
Bayesian classifiers as well as ANN were also used in a number of these studies. Unfortunately, it
does not seem reasonable to draw more detailed conclusions from across these studies. This means
that the relative performance of these methods remains largely unknown.
Despite the difficulties encountered when attempting to draw conclusions across these studies,
useful experiments were performed within these studies. This includes a few direct comparisons
between signals representations and classification algorithms. Additionally, analyzing these methods has lead to a number of interesting observations and conjectures.
This analysis began by investigating methods for representing EEG signals in the frequencydomain and by looking at the classification algorithms that have been used with these representations. Power Spectral Densities (PSD) are one such representation that have been used in other
disciplines for analyzing spontaneous EEG signals. There are also several well-known neurophysiological phenomenon that have been identified in PSD that have been used to construct BCI. However, PSD representations appear to suffer from at least three limitations that may prevent them
from expressing some forms of patterns in EEG signals. First, PSD typically undergo a smoothing
process. Although smoothing reduces the dimensionality of the representation, it is possible that
this process removes important information. The trade-off between smoothing, dimensionality reduction and resolution has not been explored in the work reviewed. Second, PSD representations
typically discard phase information. This prevents them from capturing some forms of spatial patterns that may occur across EEG sensors. Third, since PSD are typically derived by representing
the signal as a sum of sinusoids, they may have poor resolution through time. This is particularly problematic because EEG signals are non-stationary. Among the studies that were reviewed,
Bayesian classifiers, such as LDA, QDA and Mixture-of-Gaussian Models, appear to be popular
choices. However, the assumptions of normality that they rely upon were not verified. Furthermore, regularization parameters and other non-linear classifiers were rarely reported.
Continuous Wavelet Transforms (CWT) are another option for representing EEG signals in
the frequency-domain. Since CWT rely on wavelets, which have a localized response, and since
EEG signals are non-stationary, they often have higher resolution than PSD. However, CWT representations also have a trade-off between smoothing and resolution that has yet to be thoroughly
explored. Furthermore, the CWT that were examined did not include phase information, leaving
them susceptible to some of the same problems found in PSD. In the research reviewed, LDA and
SVM with several kernels were explored. Although linear SVM outperformed non-linear kernels
in one study, a detailed examination of regularization parameters and a comparison with other
non-linear classifiers was not performed.
Phase Locking Value (PLV) was the final frequency-domain representation examined. Although PLV may allow some phase-related patterns to be captured, it only measures a moving
average of changes in instantaneous phase. This means that a phase differences that are stable
over a relatively short period of time cannot be captured. Again, only LDA and linear SVM were
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explored for assigning class labels and a detailed analysis of regularization parameters was not
presented. Although the results from these experiments were somewhat conflicting, it appears that
PLV was useful for discriminating between some mental tasks.
This analysis of frequency-domain representations suggests that these methods are able to capture oscillatory components of EEG signals. These representations also align well with many EEG
analysis techniques used in other disciplines. However, each of these methods may be limited by a
lack of ability to capture some forms of spatial or temporal patterns. Furthermore, there is a lack of
work thoroughly exploring the various parameters that should be tuned in the representations and
classification algorithms. Clearly, these questions must be answered before it can be determined if
the limitations of these representations are significant.
A number of approaches were then examined for representing EEG signals in the time-domain.
Time-Delay Embedding (TDE) is capable of capturing both spatial and temporal patterns. However, TDE can be difficult to interpret, yields high dimensionality and is not invariant to shifts
in time. Nevertheless, good performance was achieved using ANN and evidence accumulation
in an approach that relied more heavily on the classifier rather than the signal representation for
identifying patterns.
Linear Signal Transformations can be used to remove artifacts and reduce the dimensionality
of TDE representations. However, it is difficult to know without more empirical evidence which
transformations to use and which signal components to remove. Furthermore, these approaches
may not be suitable for use in practical BCI if they cannot be fully automated. Among the studies
reviewed, LDA was used predominantly; although one study examined the use of Decision Trees.
Presumably, these approaches relied more heavily on the representation than on the classifier. It
is difficult to know, however, if other classifiers would achieve better results when combined with
these representations.
Time-series models are another option for representing and classifying EEG signals. These
approaches have the advantage of acting as filters by removing aspects of the signals that are
not predictable. Additionally, they may yield more temporal invariance and lower dimensionality
than TDE. First, linear Autoregressive (AR) models were examined for this role. AR models can
be used to represent EEG signals using only the model coefficients and are well-understood. It
remains unclear, however, if the assumptions of linearity required by AR models are valid. QDA,
ANN, Logistic Regression and Variational Learning were all examined for classification. Although
ANN achieved the best results, only a few hidden units were required, suggesting that the class
boundaries may be only slightly non-linear.
Time-series models using ANN were also explored in order to investigate the possibility that
non-linear models may be better at modeling EEG signals than linear AR models. Feedforward
networks were explored for this role and were demonstrated favorably when compared to linear AR
models in one study. Recurrent networks were also explored and it has been demonstrated that they
are able to capture complex patterns in EEG signals without requiring TDE. However, it is difficult
to asses the advantages of using recurrent networks because there is a lack of direct comparison
with AR models and feedforward networks. Additionally, the ability to train and tune recurrent
networks in a real-time BCI is questionable. Both linear and non-linear time-series models may
have difficulties modeling EEG signals across a range of time scales.
This analysis of time-domain representations suggests these methods may be well-suited for
capturing spatial and non-periodic patterns. However, this often comes at the expense higher dimensionality and difficult interpretation. Unfortunately, there appears to be a general lack of di23

rect comparison and real-time experiments among all of the methods explored in this research
exam. Although there are a number of potential advantages and disadvantages to each of these
approaches, it remains unknown what types of patterns are required for distinguishing between
imagined mental tasks. It is therefore difficult to determine the types of signal representations and
classification algorithms that are suitable for use in BCI.

4.2

Potential Research Directions

A number of open questions regarding the topics discussed in this research exam remain unanswered and should be addressed in future work. Clearly, more comparisons of EEG signal representations and classification algorithms should be performed. Direct comparisons of each of
the signal representations discussed should be performed on a single dataset consisting of EEG
recordings from a number of subjects each performing multiple imagined mental tasks. Such comparisons would help to determine which types of patterns found in EEG signals are important for
discriminating mental tasks. For example, if PSD and CWT perform as well as TDE and multivariate time-series models, then it would appear that differences in phase across channels may not
be important in this setting.
Another interesting possibility that should be explored is the inclusion of phase information
in PSD and CWT representations. Since it is possible to extract phase information using Discrete
Fourier Transforms and Wavelet Transforms, the use of this information should be considered.
Such approaches may offer advantages over PLV since they might be able to express constant
differences in phase and because they may not need to generate a separate metric for each pair of
channels in the EEG montage.
A more thorough comparison of classification algorithms should also be performed. Currently,
it seems unclear whether or not linear classifiers yield better results than non-linear classifiers;
although it certainly depends on the signal representation used. This experimentation would help to
determine if non-linear patterns in EEG signals are important for discriminating mental tasks. The
assumptions that these classifiers rely upon should also be checked. For example, the assumptions
of normality that are required by LDA and QDA should be verified before concluding whether
these classifiers are appropriate or not.
Unfortunately, adequate exploration and tuning of the various parameters in the methods explored in this research exam were not often presented. For example, the trade-off between resolution and dimensionality was not explored for PSD and CWT representations. Additionally, the
regularization parameters for the various classifiers used in these studies were often not explored.
Without exploring these parameters using a validation procedure, it is difficult to know if one
method outperforms another overall or if it simply yields better results in the absence of careful
regularization.
Among the works investigated in this research exam, AR models and time-series models using feedforward and recurrent networks have achieved promising results. However, a number of
questions remain to be answered about these approaches. First, it is not yet clear if non-linear timeseries models are necessary. Although Coyle, et al., have found that ANN outperform AR models
in a direct comparison, these results varied largely across subjects and only investigated two-class
problems. Multi-class problems should be investigated using a larger number of subjects in order
to determine if, overall, these methods are advantageous over linear AR models [66]. Forney and
Anderson also assert that recurrent networks have advantages over feedforward networks and lin24

ear AR models but have not yet performed a direct comparison [72]. Furthermore, the ability and
necessity for time-series models to capture long-term patterns in EEG signals is unknown. In order
to explore this possibility, time-series models capable of modeling signals at multiple time-scales
should be investigated as well as models that are able to achieve longer-term memory.
Finally, real-time experiments with users that have motor impairments are extremely important. Ultimately, the performance of methods for representing and classifying EEG signals should
be measured in the context of actual BCI. Although offline evaluations and comparisons may be
informative, the final word in the performance of these approaches depends on how well they work
in practice, in real-time BCI and with potential users.
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